MICROLOCALIZATION OF RATIONAL CHEREDNIK ALGEBRAS 



MASAKI KASHIWARA AND RAPHAEL ROUQUIER 



Abstract. We construct a microlocalization of the rational Cherednik algebras H of 
type S n . This is achieved by a quantization of the Hilbert scheme Hilb"C 2 of n points in 
C 2 . We then prove the equivalence of the category of H- modules and the one of modules 
over its microlocalization under certain conditions on the parameter. 
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1. Introduction 

Let us recall that Hilb n C 2 , the Hilbert scheme of n points in C 2 , is a symplectic (in par- 
ticular crepant) resolution of C 2n / S n = S n C 2 . On the other hand, the orbifold [C 2n / S n ] (or 
the corresponding algebra C[C 2n ] xSVJ is a non-commutative crepant resolution of C 2n / S n . 



Date: May 8, 2007. 

1991 Mathematics Subject Classification. Primary: 16G89,53D55; Secondary:14C05. 
Key words and phrases. Rational Cherednik algebra, Hilbert scheme, microlocalization. 
The first author is partially supported by Grant-in-Aid for Scientific Research (B) 18340007, Japan 
Society for the Promotion of Science. 

1 



2 



MASAKI KASHIWARA AND RAPHAEL ROUQUIER 



There is an equivalence between derived categories of coherent sheaves on Hilb™C 2 and 
finitely generated modules over C[C 2n ] x S n (McKay's correspondence, cf. [11]). 

The rational Cherednik algebra H c associated with S n is a one-parameter quantiza- 
tion of C[C 2n ] x S n . We construct a one-parameter quantization srf c of &m\b n c 2 an d an 
equivalence of categories between a certain category of ^-modules (good modules with 
F-action) and the category of finitely generated if c -modules (under certain conditions 
on the parameter c). Note that this is an equivalence of abelian categories, while the 
non-quantized McKay's correspondence is only an equivalence of derived categories. 

The quantization srf c is a sheaf over Hilb n C 2 . Locally on an open subset isomorphic to 
T*U, it is isomorphic to the sheaf of micro-differential operators W with a homogenizing 
parameter h. 

Note that our construction is an analog of the Beilinson-Bernstein localization Theorem 
for universal enveloping algebras upon flag varieties: 
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Let us mention that our constructions give rise to the spherical subalgebra eH c e of H c 
and under certain assumptions on c the two algebras are Morita equivalent. It would be 
interesting to quantize directly the Procesi bundle to obtain H c . 

Let us now describe some earlier results related to our work. An important achievement 
of Etingof and Ginzburg [6] and of Gan and Ginzburg [7] is a construction of a deformation 
of the Harish- Chandra morphism for GL„(C), providing a construction of the spherical 
subalgebra eH c e of H c as a quantum Hamiltonian reduction. This provides a quantization 
of the Calogero-Moser space, which is itself obtained by classical Hamiltonian reduction 
(Kazhdan, Kostant and Sternberg [21]). 

Gordon and Stafford [8, 9] construct a one-parameter family of graded (Z)-algebras B c 
that quantize (a graded (Z)-algebra Morita-equivalent to) the homogeneous coordinate 
ring of Hilb"C 2 . 

In positive characteristic, Bezrukavnikov, Finkelberg and Ginzburg [4] construct a sheaf 
of Azumaya algebras on the Hilbert scheme whose algebra of global sections is isomorphic 
to H c and obtain an equivalence of derived categories between modules over that Azumaya 
algebra and representations of H c . 

Let us explain the type of sheaf of algebras used to quantize Hilb n C 2 . On a complex 
contact manifold, Kashiwara [16] constructed the stack 8 of microdifferential operators. 
Locally, a model for a contact manifold is the projectivized cotangent bundle P*X and 
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the stack 8 comes from the sheaf £ x of microdifferential operators of Sato, Kawai and 
Kashiwara. 

On a symplectic variety, Kontsevich [22] and Polesello-Schapira [24] defined a stack 
W of microdifferential operators with a homogenizing parameter h (making all objects 
modules over C((h))). Locally, a model is T*X and W comes from microdifferential 
operators on P*(X x C) which do not depend on the extra variable. 

For applications to representation theory, these constructions are unsatisfactory: 

• the first construction "forgets about the zero-section" 

• the second construction gives "too large" objects (defined over C((h)) instead of 
C). 

To overcome these difficulties, we consider here symplectic manifolds X with a en- 
action that stabilizes Cuo x with a positive weight. We consider the case where the stack 
W comes from a sheaf of algebras together with a compatible action of C x and study 
the corresponding structure, a "W-algebra with F-action" . The category of its modules 
is defined over C, as the F-action induces a C x - action on C((H)) whose invariant field is 
C. 

Let us now describe the structure of the paper. 

In the first part of this paper (§2), we study a general setting for the quantization of 
symplectic manifolds X with a C x -action that stabilizes Cux with a positive weight. We 
first review the theory of W-algebras on symplectic manifolds (§2.2). In §2.3, we intro- 
duce the notion of "W-algebra with F-action". An important point of this construction is 
that the category of ^-modules with F-action on a cotangent bundle (for the canonical 
structure) is equivalent to the category of modules over the sheaf Q> of differential oper- 
ators. We adapt in §2.4 the study of equivariance and its twisted version for the action 
of a complex Lie group and we explain how to construct W-algebras with F-action by 
symplectic reduction in §2.5. Finally, in §2.6 we provide sufficient conditions to ensure 
^-affinity (a counterpart of Beilinson-Bernstein's result for ^-modules). 

Section 3 is devoted to the construction of ^-modules with an action of the rational 
Cherednik algebra H c of type A n -\ or of its spherical subalgebra eH c e. This is related 
to the constructions of [4, 7]. Let V = C n and g = gl n (C). We construct (§3.2) a 
quasi-coherent f^ 0X y-module together with an action of H c , building on the explicit 
description of the ^-module arising in Springer's correspondence given in [14]. We con- 
struct a coherent f^ 0X y-submodule ££ c of ^ c that is stable under the action of the spherical 
subalgebra of H c and we construct a shift operator (§3.3). This is achieved by reduction 
to rank 2. 

In §4 we construct a W-algebra with F-action on Hilb"C 2 by symplectic reduction 
from the previous constructions^ After recalling some properties of Hilb"C 2 in §4.1, we 
construct in § 4.2 a W-algebra &tf c on Hilb n C 2 by symplectic reduction of Jzf c for the action 
of GL n (C). In §4.3, we present our main results: ^-affinity of Hilb n C 2 , an isomorphism 
between global sections of srf c and the spherical algebra and an equivalence between the 
category of good ^-modules with F-action and the one of finitely generated modules 
over the spherical algebra. We also describe similar results for H c . So, we have obtained 
a microlocalization of the rational Cherednik algebras: we have constructed a W-algebra 
with F-action over the Hilbert scheme whose algebra of global sections is isomorphic 
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to H c and whose modules are equivalent to representations of H c . Those results are 
obtained under certain assumptions on c. We explain in §4.4 how to view sections of 
our W-algebras over open subsets of the Hilbert schemes as appropriate fractions in the 
Cherednik algebra. Finally, we describe explicitly the constructions for n = 2 in §4.5. 

We thank Pierre Schapira for some useful discussions. The first author thanks Shigeru 
Mukai for his comments on Hilbert schemes. The second author thanks Research Institute 
for Mathematical Sciences, Kyoto University, for its hospitality. 

2. F-ACTIONS ON W-ALGEBRAS 

2.1. Notations. By a manifold M, we mean a complex manifold, equipped with the 
classical topology and G M is the sheaf of holomorphic functions. We denote by @m the 
sheaf of differential operators with holomorphic coefficients and by Em the sheaf of formal 
micro-differential operators on the cotangent bundle T*M. 

We denote by G m the multiplicative group C x . 

Given a ring A, we denote by Mod co h(^4) the category of coherent left A-modules. 

2.2. W-algebras. We shall review some results on W-algebras. We refer the reader to 
[24] (where the convergent version is studied, while we use the simpler formal version). 

2.2.1. Let k = C((H)) be the field of formal Laurent series in an indeterminate H and let 
k(0) = C[[ft]]. Given m G Z, we define #r*c™("^) as the sheaf of formal series J2k>-m 
(a k G & T *c n ) on the cotangent bundle T*C n of C n and we set W T *c n — U m #r» C "( m )- 
Then, W T *c n has a structure of k-algebra given by 

aob= V HW^-d?a-d"b. 



We have a ring homomorphism £)c n (C n ) — > WT*c n (T*<C n ) given by x-i \— > x iy — — ^ h 

OXi 

2.2.2. Let X be a complex symplectic manifold with symplectic form ux- We denote by 
X opp the symplectic manifold X with symplectic form — Ux- 

A W -algebra is a k-algebra #onI such that for any point x G X, there are an open 
neighbourhood U of x, a symplectic map /:?/—> T*C n and a k-algebra isomorphism 

A W-algebra W satisfies the following properties. 

(i) The algebra W is a coherent and noetherian algebra. 

(ii) W contains a canonical subalgebra W(0) which is locally isomorphic to #r*c™(0) 
(via the maps g). We set W(m) = h- m W(0). 

(iii) We have a canonical C-algebra isomorphism W(0)/W(—1) &x (coming from the 
canonical isomorphism via the maps g). The corresponding morphism a m : W(m) — > 
hr m <ff x is called the symbol map. 

(iv) We have 

(7 (/i _1 [a,6]) = {a (a),a (b)} 

for any a, b G W(0). Here { • , • } is the Poisson bracket. 

(v) The canonical map W(0) — > lim W(0)/W(— m) is an isomorphism. 

TO— +00 

(vi) A section a of W(0) is invertible in W(0) if and only if a (a) is invertible in G X - 
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(vii) Given a k-algebra automorphism of W , we can find locally an invertible section 
a of W(0) such that <fi = Ad(a). Moreover a is unique up to a scalar multiple. In 
other words, we have canonical isomorphisms 

^(0) x /k(0) x Aut(5T(0)) 



#- x /k x Aut(^T). 

(viii) Let f be a k-linear filtration-preserving derivation of Then there exists locally 
a section a of ^(1) such that v = ad(a). Moreover a is unique up to a scalar. In 
other words, we have an isomorphism 

>T(l)/^- 1 k(0)^Der filtered (>r). 

ad 

(ix) If W is a W-algebra, then its opposite ring ^°pp j s a W-algebra on X opp . 

Conjecturally, (iii), (iv) and (v) characterize W(0). 

Note that two W-algebras on X are locally isomorphic. 

2.2.3. Assume there exist a^, b{ G W(0) (i — 1, . . . , n) such that [a*, a,] = fej] = and 
a,-] = HSij. They induce a symplectic map 

/ = (a ( ai ), a (a n ); a (h), . . . , a (b n )) : X - T*C\ 

Then, there exists a unique isomorphism 

We call (ai, . . . , a n ; &i, . . . , b n ) quantized symplectic coordinates of W . 

Let M be a complex manifold M and 7r M : T*M — ► M the projection. We can associate 
canonically a W-algebra "Wt*m with a morphism n^S) M — > Wt*m such that 



n m 

commutes. Here, F{S> M ) is the order filtration of ^m- Note that tt^^m — ► >^t*m 
decomposes into tt^^m — ¥ £m — > ^t*m- The ring Wt*m is flat over tt^&m and faithfully 
flat over £m- In particular, for a coherent ^M-module the characteristic variety 
Ch(^#) coincides with Supp(^r»M ®^g> u 71 m'^)- 

Let X and F be two symplectic manifolds. The product X x F is also a symplectic 
manifold. For a W-algebra W x on X and a W-algebra #y on F, there is a W-algebra 
f x BFyonIx F. Letting p x : X x Y -> X and p 2 : A" x F -> F be the projections, 
Wx Kl >^y contains p^^x ®k£>2 as a k-subalgebra, and is faithfully flat over it. 

For a y^-module a W(0)-lattice is a coherent /^(O)-submodule ,Jf of ^# such that 
the canonical map W ®w{o) ^ ~* *di is an isomorphism. 

We say that a ^-module ^# is good if for any relatively compact open subset U of X, 
there exists a coherent 3^(0) | [/-lattice of Jtf\u- The full subcategory of good ^-modules 
is an abelian subcategory of the category of ^-modules. 
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The following fact will be used in this paper (see [20, Theorem 1.2.2], where the con- 
vergent version is proved). 

Lemma 2.1. Let r be an integer and let J% be a coherent W -module such that Sxt J w {^( ', W) = 
for any j > r. Then J^g{^) = for any closed analytic subset S and any j < 
codimS' — r. 

Let k := U„> C((/i 1 / n )) be an algebraic closure of k. We will sometimes need to replace 
W with k' ® k W for some field k' with k C k' C k. 

2.3. F-actions. 

2.3.1. Let X be a symplectic manifold. Consider an action of G m on X, viewed as a 
manifold: C x 3 t ^ T t G Aut(X). We assume G m stabilizes the line Cu x C H°(X,fl x ) 
with a positive weight m, i.e., T^u x = t m oo x for all t G C x . 

We denote by v the vector field given by the G m -action: v(a)(x) = ^a(T t (x))\ t= \. The 
Poisson bracket { • , • } is homogeneous of degree — m: 

T t *{a, b} = r m {T t *a, T t *b} and v{a, b} = {v(a), b} + {a, v(b)} - m{a, b} for a,b G X - 

Let W be a W-algebra. 

Definition 2.2. An F-action with exponent m on W is an action of G m on the C- 

algebra W, T t : T t 1 '//' ~ W for t e C x , such that T t (K) = t m h and T t (a) depends 
holomorphically on t for any a G W . 

Let us fix an F-action with exponent m on W . The G m -action induces an order- 
preserving derivation v F of W given by v F (a) = ^.F t (a)| t= i. It satisfies the following 
properties: 

(2.1) 1 ; 

<r (v F (a)) = v(a (a)) for a G W(0). 

Remark 2.3. Here, F stands for "Frobenius". Note that v F determines the F-action on 
W . However, for a given v F satisfying (2.1), we cannot always find an F-action on W . 

The action of G m on W extends to an action on W[h 1/m ] = k(h 1/m ) ® k W given by 

T t {h 1 i m ) = th x i m . 

Definition 2.4. A W[h l / m ]-module with an F-action (or simply a (W \& I m \T) -module) 

is a G m -equivariant W[h l ^ m }-module: we have isomorphisms jF t : T t _1 ^# for t G 

C x and we assume that 

(a) Ftiu) depends holomorphically on t for any u G M (i.e., there exist locally finitely 
many Ui such that ^(u) = ^ i a i (t)u i where a^t) G W[h l l m ] depends holomorphically 
on t), 

(b) F t (au) = FtiajFtiu) for a G W^ 1 !™}, u G Jt ', 

(c) F t oF t/ = F tt , fort,t' eC\ 

We denote by Mod F (W[h 1 ^ m ]) the category of (WIH 1 /™ 1 }, jF)-modules: morphisms are 
morphisms of W[h 1/m ]-modu\es compatible with the G m -action. We denote by Modf od (W[h 1/n 
its full subcategory of good (#'[^ 1/ ' m ], jF)-modules. These are C-linear abelian categories. 
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Note that if there is a relatively compact open subset U of X such that C x • U = X, then 
a good {WIH 1 /" 1 }, ^-module admits a coherent (W(0)[h^ m ], ^-lattice. 

Assume X = {pt}, so that W = k. We have an equivalence Mod F (W \h l ' m ]) Mod(C), 
Ji ^ ^# Gm , with quasi-inverse V h-> C((ft 1/m )) ® c V". 

Remark 2.5. Kontsevich and Kaledin [15] have also studied quantization for a symplectic 
variety with a G m -action that stabilizes Cux with a positive weight. 

2.3.2. Let W be a W-algebra with an F-action with exponent m. Let n be a positive 
integer and consider the restriction of the F-action via G m — > G m , t i— > t n : we have a new 
action given by T/ = T t n and jF t ' = jF t n. This defines an F-action on W with exponent 
mn. Then, we have quasi-inverse equivalences of categories 

Mod F (W[H 1/m }) ^ Mod F (W[H 1/nm ]) 

Jt ^ w[h 1/nm ] ® nn i, m] Jt 

{se^K ; F' c (s) = s for any £ G C with C™ = 1} <-< ^ 

Remark 2.6. The equivalence above shows the category depends only on the 1-parameter 
subgroup of Aut(X, W) given by the G m -action. 

Let G m = lim G m , where the limit is taken over maps f n ,n'- G m — > G m , t h- > t n / n ' for 

n 

positive integers n,n' with n'\n. This is a pro-algebraic group (some sort of universal 
covering group of G m ). In terms of functions, we have G m = Spec(@ ag( Q Ct a ) with mul- 
tiplication coming from the coproduct t a i— > t a ® t a . Instead of considering G m -actions as 
above, we could consider G m -actions on X such that T^ujx = tujx- Although theoretically 
more satisfactory, this more complicated formulation is not used in the present paper. 

2.3.3. Let us now give two examples. 

Let M be a manifold, X = T*M and W = "Wt*m- We consider the canonical Gm- 
action given by T t (x, £) = (x,t£). There is a unique F-action with exponent 1 on W with 
J~\® M = id- Then, for any G m -invariant open subset U of X, we have an equivalence 

Modf?° d (^^) -^Mod good (£ M |[/), ^ >-> -^ Gm 
In particular, we have an equivalence 

Mod| ood (^)^Mod good (^ M ). 

Let X = T*C n and W = W T * £n . Fix m > 1 and h, . . . , l n e {1, . . . , m - 1}. We define 
a G m -action by T^), (&)) = ((t'^i), (* m-,i &)). Then T t *(u; x ) = t m u X - We define an 
F-action on W with exponent m by !Ft{xi) = t ll x i} T t {di) = t~ li di, and .^(ft) = t m H (note 
that the relation = 1 is preserved by J- t ). Then, 

End ModF( ^ [ , 1/m] )(^[^ 1/m ]) opp = C[h- l ^ m x u H^d,; i = 1, . . . , n] C ^[fr 1 /™], 

which is isomorphic to ^(C n ). Moreover, Mod| ood (#'[/i 1/m ]) is equivalent to Mod coh (^(C n )) 
(see Theorem 2.10 below). 

2.4. Equivariance. We shall discuss G-equivariance of W by adapting [18, 17] where 
the ^-module version is studied. 
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2.4.1. Let G be a complex Lie group acting on a symplectic manifold X. Given g G G, 
let T g be the corresponding symplectic automorphism of X. Let g be the Lie algebra of 
G and assume that a moment map px '■ X — > g* is given. 

A W-algebra with G-action is a W-algebra with an action of G: we have k-algebra 
isomorphisms p g : W J ^T~ 1 W for g G G such that for any a G #^ /0 9 (a) depends 
holomorphically on g G G. Moreover we assume that there is a quantized moment map 
Hw- - *■ >^(1) such that 

[//^(A),a] = ^Pexp(M)(a)|t=o, 

a (Hp^(A)) = A o for any A G g and a G 

/^(Ad(sr)A) = 
Note that is a Lie algebra homomorphism. 

2.4.2. A quasi-G-equivariant /^-module is a ^-module J£ with an action of G: 

p g : J% ^^Tg 1 ^ 

depending holomorphically on g G G and such that p g (au) = p g (a)p g (u) for a G W 
and -u G Then, we have a Lie algebra homomorphism a: g — > Endk(^) given by 
a(A)(tt) = J^Pcxp(t J 4) M |t=o for A G g and w G It satisfies 

a(A)(aw) = [ji^(A), a]u + a • a(A)(u). 

It follows that we have a Lie algebra homomorphism 

(2.2) 7^: g -> End^(^T), A ^ a(A) - pyy(A). 

The ^-module #^ is regarded as a quasi-G-equivariant ^-module. We have ct(A) = 
ad(p^(A)) and r y^(A)(a) = —ap^-(A) (a G W, A G g). Given a G- module V and a 
quasi-G-equivariant y^-module the tensor product ^ ® V has a natural structure of 
a quasi-G-equivariant ^-module. The corresponding 7 is given by 

1j?®v(A)(u ®v) = 7^(A)-u ®v + u®Av for -u G v E V and A G g. 

Let A G (g*) G - If 7^r coincides with the composition g C 2h ^ z Id - # > End we say 

that is a twisted G-equivariant ^-module with twist A. For such a coherent module 
we have Supp(^#) C /^(O). 
We denote by Mod(W, G) the category of quasi-G-equivariant ^-modules, and by 
Mod x (W) its full subcategory of twisted G-equivariant ^-modules with twist A. We 
denote by Mod^' good (#') the category of good twisted G-equivariant ^-modules with 
twist A. 

The embedding Modf(W) -> Mod(W,G) has a left adjoint 

$ A : Mod{W,G) ^Modf{W) 

(2 ' 3) *a(.^) = ^/(E(7.^(-4) - A(A))^). 

Let F be a one-dimensional G-module and x £ (9*) G its infinitesimal character. Then, 
we have an equivalence 

(2.4) Mod$(W) Mod G (^), h-> (8) V. 
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Let W be a W-algebra with an F-action with exponent m. A C7-action on (W , T) is 
a C7-action on ~W such that T t and T g commute, T t and p(g) commute and fi^(A) is 
^-invariant, for t G C x , g G G and A G 0. 

We define similarly the notion of twisted C7-equivariant (W\h 1 l' m ], jF)-modules. We 
denote by M.od F 'f oA {W[fi 1 / m \) the category of good twisted G-equivariant (WlH 1 ^" 1 ], J 7 )- 
modules with twist A G (g*) G . 

2.5. Symplectic reduction. Let X be a symplectic manifold with a symplectic action of 
G and a moment map \ix '■ X — > g*. Assume that G acts properly and freely on X (i.e., the 
map G x X — > X x X defined by (g, x) h- > x) is a closed embedding). Then, /^(O) is 
an involutive submanifold. Let Z = /i^ 1 (0)/G, and let p: /^(O) — > Z be the projection. 
Then Z carries a natural symplectic structure such that p preserves the symplectic form 
(i.e., denoting by u z the symplectic form of Z, we have p*oo z = wx l^- 1 ^))- The local 
form of X is given by the following Lemma [10, §41]. 

Lemma 2.7. Locally on Z , the manifold X is isomorphic to T*G x Z . More precisely, 
for any point x G /^(O), there exist a G -invariant open neighbourhood U of x in X and a 
G-equivariant open symplectic embedding U — > T*G x T*C n compatible with the moment 
maps. 

Let W be a W-algebra on X with a G-action. Let A G (g*) G . Set 
^ A := $ X {W) = w/z W(MA) + X(A)). 

Then, Jzf A is a coherent twisted G-equivariant ^-module with twist A. The support of Jzf A 
coincides with ^(0). Let Jg? A (0) be the ^(O)-lattice W(0)/ £ + A(A)) 

0fJSf A - 

Let = ((p* (fW^JzfO) ) , a sheaf of k-algebras on Z. 

Proposition 2.8. (i) W z is a W-algebra on Z, andW z (0) ~ ((p* ^n(/ r(0 )(J^ A (0))) G ) O! 

(ii) VKe Ziave quasi-inverse equivalences of categories 

Mod good (#^) ^ Mod G ' good (#-) 

(p, Jfbm r (^ A ,^)) G ^ i 

(iii) Let K k a one- dimensional representation with infinitesimal character \- Then 
^ x (0):=(p,^bm^(o)(if A (0),^ A _ x (0)®'l/)) G is a W z (0) -lattice of a coherentW z - 
module JV\ X := (p* J^bm^(^f A , Jz? A - x ® ^)) G ara^ ^A,x(0)/^ t/ ^A,x(0) isomorphic 
to (p*(^ M ^ 1 (o) ® ^0) > ^ e ^ne bundle on Z associated with V . 

(iv) Assume that W has an F-action with exponent m compatible with the G-action. 
Then W z has a natural F-action with exponent m and we have an equivalence of 
categories: 

Modf od (W z [H 1/m ]) ~ Mod G ;f od (>r[fr 1/m ]). 

Note that Jfbm#-(Jz? A , ~ p _1 ((p* J^bm^/(j5f A , ^))°). Hence, if G is connected, we 
have p* J?bm^(=5f A , ~ (p* Jfbm#-(J?? A , Jt)) G . 

2.6. ^-affinity. 
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2.6.1. Let X be a symplectic manifold. Let S be a variety, let /: X — > S be a projective 
morphism, and let L be a relatively ample line bundle on X. Let # be a W-algebra 
on X. The following theorem is an analogue of the result of Beilinson-Bernstein [1] on 
^-modules on flag manifolds. We follow the formulation of [17]. 

Theorem 2.9. For n > 0, let Jzf n (0) be a locally free W(0) -module of rank 1 such that 
J? n (0)/hJ? n (0) = L®(""). Set J? n = W ®^ (0 ) JSf„(0). 
Consider the conditions: 

for n ^> 0, t/iere exzsfo a vector space V n and a split epimorphism 
(2.5) J2f n ®\4 -» W, i.e., W is a direct summand of the direct sum of finitely 

many copies of ££ n ; 



(2.6) 



forn ^> 0, there exists a vector space V n and an epimorphism W®V n 



(i) Assume (2.5). Then, for every good W -module ^ , we have R l f*{^) = for 
i / 0. 

(ii) Assume (2.6). Then, every good W -module is generated by its global sections 
[locally on S). 

The proof will be given in the next two subsections. 

Assume that W has an F-action with exponent m and that S has a G m -action such 
that / is G m -equi variant. Assume moreover that there exists o G S such that every point 
of S shrinks to o (i.e., \imtx = o for any x G S). 

Let W = W[h l l m ] and A = End ModFcF) (W) opp . 

Theorem 2.10. Assume Conditions (2.5) and (2.6) hold. Then, A is a left noether- 

ian ring and we have quasi-inverse equivalences of categories between Modp? od (W) and 
Mod coh (A) 

Mod| ood (^) " Mod coh (A) 

Jt ^ Hom^good^^,^) 

W ® A M — i M. 

The proof will be given in §2.6.4. 

2.6.2. Vanishing theorem. Let W be a W-algebra on a symplectic manifold X. Let 
be a coherent y^-module. Recall that ^#(0) is a # '(0) -lattice of ./# if ^(0) is a coherent 

>^(0)-submodule of M such that #^ ®#-(o) ^(0) . 

We start with the following lemma. 

Lemma 2.11. For any coherent W(0) -module , the canonical map is an isomorphism 

(2.7) ^^lim^/zrvr. 

m 

Proof. Let us first show that JV — > hm^/ft" 1 ^ is a monomorphism. For any x E X, 

m 

we have morphisms of ^(0) x -modules: 

Jf x -> (lim«yr/fi m «yr) -> lim(^//fV^). 
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Since the composition is injective (Artin-Rees argument, see e.g. [25]), the map ,JV X — > 
(lim jV /H m ^Y) is injective. 

m 

Let us show now that — > lim ,jV jW^-jV is surjective. The question being local, we 

m 

can take an exact sequence of coherent ^(O)-modules 

O^JV^^^^^O, 

where Jzf is a free #'(0)-module of finite rank. For any Stein open subset U and m > 0, 
we have 

H l {U,Jt/{K n ^r\.£)) = 0, 

and 

r(C/, ^7(ft m J^ n Jf)) -> r(C/, ^/{fT' 1 ^ n ^)) is surjective. 
Indeed, in the exact sequence 

r(c/ ; ^7(ft m j^ n .^)) -> r(c/ ; JVjirr- 1 ^ n 

if 1 (17; (^ m ~ 1 if n ^#)/(ft m J^ n Ji)) vanishes because (H™- 1 ^ n .#)/(ft m J^ n ^T) is a 
coherent ^-module. 

It follows that the following sequence is exact 

o -> r(c/, Jtj(h m ^ n ^)) -> r(c/, ^/ft m ^) -> r(u, ^v/n m ^Y) -> o. 

Since {T([/, (H m J>f n^#))} m satisfies the ML condition, the bottom row of the following 
commutative diagram is exact 

r(u, sf) r(u, jV) 



q — ^ limr(C/, (h m J£ n ^#)) — > limr(C/, J^/hP 1 ^) — > limr(C/, /fi m jV) — ^ o. 

m mm 

It follows that F(U, JV) -> lim r(C/, jy/firjY) ~ r(C/, hm ^ /ft"VT) is surjective. □ 

m m 

Lemma 2.12. Let JV fre a coherent W -module and let ^#(0) 6e a # '(0) -lattice of Jt '. 
Set JV(m) = h-' m ^(0) and JV = JV (0) / JV (-1) . Assume that 

H\X, jl) = fori^ 0. 

Then, 

(i) the canonical morphism 

T(X,jV(0))/T(X,Jt(-m)) ► T(X,JV(0)/JV(-m)) 

is an isomorphism for any m ^ 0, 

(ii) H'(X, JV(0)) = for any i^0. 
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Proof. Given m ^ 0, the exact sequence 

-> — Jt(G)/Jt(-m - 1) — .,#(()) /.#(-m) -> 
induces exact sequences 

T(X, JK(G)/JK(-m - 1)) T(X, .#(()) if ^X, .#) 

and 

fP(X, Jl) -> .#(()) - 1)) -> .#(()) 

It follows that r(X, ^#(0)/^#(— m— 1)) — > r(X, (<S) / (— to)) is surjective for any to ^ 
and H\X, .#(()) )jt{-m)) = for any i > 0. Since F(X, ^(0)) = lim .#(())/.#(- 

m 

by Lemma 2.11, we obtain (i). 
For i > 0, we have 

IP(X,^(0)) = KmH i (X,^(0)/^(-m)) =0 

m 

because {H t ~ 1 (X ) ^#(0)/^#(— m))} m satisfies the ML condition. □ 

2.6.3. Proof of Theorem 2.9. Let us prove (i). The question being local on S, we may 
assume that there exists a #'(0)-lattice ^#(0) of Set ^ = .,#(()) //L#(0). Then, for 
m > 0, we have FCf^L® 111 Jt) = for i ^ 0. It follows that 

H\f- l U,L® m ® 0X j?) = 

for any « 7^ and any Stein open subset U of S. From now on, we assume that to is large 
enough so that the vanishing above holds. 

Let */ m = ^nc^(Jz? m ) opp , a W-algebra on X. We have s/ m [Q) = <gnd wm (^ m (<d))°™ . 
Let -Sf ro (0)* = Ji?om wm {^ m {0),W{0)), an 0^(0), yT(0))-bimodule, and let J2£ = 
^om^(Jz? m , ^), an (=c/ m , # / )-bimodule. We have 

JSC - ®^ ( o) ^m(0)* ~ J^ m (0)* ®^ (0 ) )T. 

Note that the bimodules Jz? m and Jzf^ give inverse Morita equivalences between srf m and 
W. 

Let ^# m (0) = Jzf^(0)®^(o)^#(0), an ^C(0)-lattice in the ^-module Jt m = J£^®wJt '. 

We have ^ m (0)//L# m (0) ~ L® m <g>^ x ^T, hence H^f^U, ^ m (0) / H^ m {0)) = for i ^ 0. 
Lemma 2.12 (ii) implies that H l (f~ lr J, ^# m (0)) = for i 7^ 0. Taking the inductive limit 
with respect to Stein open neighbourhoods [/ of s e 5, we obtain H l (f~ 1 (s), ^# m (0)) = 0, 
hence 

(2.8) H\f-\s), J{ m ) ~ k ® k(0) H\f-\s), Jt m {V>)) = 0. 

By Condition (2.5), #^ is a direct summand of a direct sum of finitely many copies of 
the left /^-module Jzf m . So, #^ is a direct summand of a direct sum of finitely many copies 
of the right ^-module Jzf^j and is a direct summand of a direct sum of finitely many 
copies of Jt m (as a sheaf). Then, (2.8) implies that H t (f~ 1 (s),^) = 0. This completes 
the proof of (i). 

We now prove (ii). We shall keep the same notations as in the proof of (i). Since 
L is relatively ample, given s G S, there exists a surjective map {G x \f-\s))® N -» 
(l® m ^) I /-1 ( s ) for some N. On the other hand, Lemma 2.12 (i) implies that 
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r(/ _1 (s), i/# m (0)) — > r(/ _1 (s), ^ m (0)/?L# m (0)) is surjective. Hence we have a mor- 
phism m : £^ m iS^)® N \f- 1 (s) ~^ ■^m(0)|/-i( s ) such that the composition ^n(0) eAr |j-i( s ) — > 
(^# rrt (0)//i^ m (0))|j-i( s ) is an epimorphism. It follows that <f) m is an epimorphism. Thus, 
there exists an epimorphism <£^ JV |/- 1 ( S ) •^m|/- 1 (s)- By applying the exact functor 
-5f m <EW m • : Mod(^ n ) — > Mod(/^ / ), we obtain an epimorphism ■^® JV |/- 1 (s) -» ^l/- 1 ^)- 
The assertion follows now from Condition (2.6). 

2.6.4. Proof of Theorem 2.10. By Theorem 2.9, Mod| ood (# r ) 9 ^ ^ /*(^) G Mod(/*(:T)) 
is an exact functor. 

By the assumption, o has a neighbourhood system consisting of relatively compact 
Stein open neighbourhoods U such that U is stable by T t (0 < \t\ ^ 1). For such an U, 
we have S = {J teC , T t U. For any M G Mod| ood (^), we have 

Hom^^^f,^) = {s G ^#(/ _1 C/) ; s is F-invariant} . 

Here s G ^(f' l U) is F-invariant if •T-t(s) = s for any t G C x with |t| = 1. 
For s G Jt(f~ l U), let 

We have s = J2 n Pn( s ) anc ^ fi~ n ^ m p n (s) = p (h~ n ^ m s) is F-invariant. 
Lemma 2.13. Hom Mod good^(5^, •) is an exact functor. 

Proof. Let </?: ^# — > — > be an epimorphism in Modf? od (W) and let s' G ^#'(/ _1 C/) 
such that J~t{s') — s> f° r an y £ with |t| = 1. By Theorem 2.9, there exists s G ^(f~ l U) 
such that </?(s) = s'. We have y?(po( s )) = s' and po( s ) is F-invariant. □ 

Lemma 2.14. Any G Modf? od (/^) is generated by F-invariant global sections. 

Proof. By Theorem 2.9, j& is generated by global sections Sj G ^(f~ l U). Then, ^ 
is generated by the H~ n / m p n (si)'s. Indeed, let *yf be the submodule of jjt generated by 
the p n (sj)'s. This is a coherent submodule of ^ . Let ip: ^# — > ^ j JV be the quotient 
morphism. Then p n ip(si) = tp{p n (si)) = for any n, and hence ^(fij) = 0. It follows that 
r ^ = J{. ' ' ' □ 

We deduce that Hom Mod good^(^, is an A-module of finite presentation for any 

J( G Mod| ood (^). 

Lemma 2.15. A is left noetherian. 

Proof. Let I be a left ideal of A Let ^ C W be the image oiW® A I->W. Note that 
belongs to Modf? od (#a Since W is coherent, there exist finitely many a$ G / such that 
= J2^ a i- We have Hom Mod good^j(#, J^) = £V Aa* C / by Lemma 2.13. Since we 
have injective maps / — > Hom Mod good^(>^, J^) ! — > Hom Mod good^(^, ^) = A, we obtain 

/ = E^. ' ' ' (/ □ 

Since good (#^, F)-modules are generated by F-invariant sections, Hom ModF ^(#, •) 
sends Mod| ood (^) to Mod coh (A). 
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Given M G Mod co h(^4), the canonical morphism 

M -> Hom^^^ W ® A M) 

is an isomorphism because both sides are right exact functors of M and the morphism is 
an isomorphism for M — A. 

Given M G Modf od (W), the canonical map W <S>a Hom Mod good,^(#, — > ^# is an 
isomorphism, because both sides are right exact functors of J% and ^ has a resolution 
)T emi -> # r ® mo -> ^ -> in Mod| ood (^) by Lemma 2.14. 

This completes the proof of Theorem 2.10. 



3. Rational Cherednik algebras and ^-modules 
3.1. Definitions, notations and recollections. 

3.1.1. Let V = C\ let G = GL(V) = GL n (C) and let g = gl(V) = gl n (C). We denote by 
e rs G g the elementary matrix with coefficients everywhere except in row r and column s 
where the coefficient is 1. We denote by A rs G C[g] the corresponding coordinate function. 

We denote by t = C n the Cartan subalgebra of diagonal matrices of g and by W — S n 
the Weyl group. We denote by Sij the transposition (ij) for 1 ^ i ^ j ^ n. We have 
C[t] =C[x u ...,x n } and C[t *] = C\y u . . . , y n }. 

We put T)(x) = Yli<j( x i ~ x j) e ^[t]- We denote by g reg the open subset of regular 
semisimple elements of g and we put t reg = t fl g reg = {iGt; d(x) ^ 0}. 

We will identify C[t] w and C[g] G via the restriction map. 

Given M a graded vector space, we denote by Mk its component of degree k. 

3.1.2. Let X be a manifold, % : F^Ia submanifold, and let / : ^# — > o/f be a morphism 
of coherent i^x-modules. Assume Y is non-characteristic for ^ and «yK (i.e., for Z = 
Ch(^T) or Z = Ch(^K), we have Z n T$X C T£X). If -> i*^ is an 
isomorphism (resp. monomorphism, epimorphism) , then so is / on a neighbourhood of Y 
(see e.g. [19, Theorem 4.7]). 

3.1.3. Let / G H°(X; X ) be non zero. We denote by 5(f) the element f' 1 of the 9 X - 
module @ x [f~ l ]/@x- So, @ x S(f) C More generally, let 5 be a closed 
subvariety of complete intersection of codimension r given by /i = • • • = f r — for 
h,...,f r eH°(X;0 x ). Then 

= for r and ^ r (^ x ) ^ • • • fr)' 1 ]/ £ • • • /* • • • fr)' 1 }- 

We denote the last ^-module by 3§s\x- We denote by S(f±) ■ ■ ■ S(f r ) the section l/(/i • • • / r ) 
of 



3.2. Construction of some ^-modules. 
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3.2.1. Given c G C, we denote by H c the rational Cherednik algebra of (t,W) with 
parameter c: this is the C-algebra quotient of T(t* © t) x W by the relations 

[xi,xj\=0, \yi,yj]=0, 
[y i ,x j ] = cs ij fori^j, 

[y u Xi] = 1 -c^s ik . 

We have a vector space decomposition ( "PBW-property" ) [6, Theorem 1.3] 

if c = C[t]<g>C[t*]<g>C[W]. 
There is an injective algebra morphism (given by Dunkl operators) [6, Proposition 4.5] 

9 C : H c ^(t reg ) x W C End c (C[t rcg ]) 
given by the canonical map on C[t] x W and by 

(3.1) 6 c (yi) = d Xi - — Z — ( 1_s ^)- 

k+i Xi Xk 

It induces an isomorphism of algebras after localization 

C[t reg ] ® c[t] H c ^3)(i icg ) x W. 

We denote by e:=^J2 we w w e C l W ) c H c and e dct : = -^ J2 w ew det M w e C i W ) c H c 
the idempotents corresponding to the trivial representation and the sign representation 
ofW. 

We have an injective morphism C[t] w — > eH c e, a h- > ae, and we identify C[t] w with its 
image. We put y 2 = £" =1 vf e H c- Reca11 that e ^ e is generated by C[t] w e and C[t*] w e 
(cf. e.g. [4, proof of Proposition 5.4.4]). On the other hand, we have an isomorphism of 
C[W]-modules (cf. e.g. [2, Corollary 4.9]) 

(3.2) ( ad ( y 2)) fc ; c[t] fc ^C[t*] fc . 

It sends a(x 1: . . . , x n ) to 2 k k\a(yi, . . . , y n ). Hence eH c e is generated by Cftj^e and y 2 e. 

We denote by h 1— > h* the anti-involution of H c given by Xi 1— > Xj, 1— > — y,, u> 1— > w' 1 
(w G W). 

3.2.2. We will identify g and g* via the G-invariant bilinear symmetric form g x j 3 
(A,A')^tr(AA'). 

A pair (A, z) will denote a point of 53 x V. We identify T*(g x V) with g x g x V x V*, 
and denote accordingly a point in T*(g x V) by (A, B, z, (). Let //: T*(g x V) — > g* be 
the moment map. It is given by /i(A, B, z, () = — [A, B] — z o (. 

Let us denote by 

I^D - 0^ %xv(d X V) 

the Lie algebra homomorphism associated with the diagonal action of G on g x V. Let 
us consider the fi^xv^odule =^c = 

y?/ c given by the defining equation: 
(li D {C)+ctr(C))u c = (CGg). 
More formally, we have J2? c = @ gx v/(@gxv(fi<D + ctr)(g)) and u c is the image of 1 in Jf c . 
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We consider Jzf c as a twisted G-equivariant ^ 0X y-module with twist ctr, where u c is a 
G-invariant section of Jzf c . Since any a G C[g] G commutes with Hd{C) (C G g), the map 
it c i— > au c extends to a ^ 0X y-linear endomorphism of j£f c . Hence, Jzf c has a (C[t] w '<g)^ fl xv')- 
module structure. 

The characteristic variety Ch(Jzf c ) of ££ c is the almost commuting variety: 
Ch(^ c ) = /i^(O) = {(A, B, z, C) ; [A, B] + z o C = 0} . 
This is a complete intersection in T*(g x V) [7, Theorem 1.1]. 

Lemma 3.1. Let g 1 be the open subset of g of elements which have at least (n — 1) distinct 
eigenvalues. We have 

*g Wx v(^c) = and Jf^ Si)xV (J? c ) = 0. 

Proof. Since Ch(Jzf c ) is a complete intersection, we have ([19, (2.23)]) 

(3.3) gxt% exv (J? c , % xV ) = for j ^ codim T . {BxV) fj,- 1 (0) = n 2 . 

Let 7:0^ t/W be the canonical map associating to A G g the eigenvalues of A. 
Let 7: /x _1 (0) — > t/W be given by (A,B,i,j) 1— > 7(A). Then, 7 is a flat morphism [7, 
Corollary 2.7]. 

Let 5 be a closed subset of t/W. Since 7 is flat, we have 

codim T . (0X y ) (7 _1 (S') x Ch(j&? c )) - codim T . (0xy) Ch(Jz^ c ) = codim t/H /S'. 
Lemma 2.1 applied to 7~ 1 ( 1 S) x Ch(Jzf c ) implies 

^-i(s )x y(^c) = for j < codimt/iyS 
and the lemma follows. □ 



3.2.3. Let us recall some constructions and results of [14]. Let fj, : g — > ^t xg (t x 0) be 
the morphism given by the action of G on t x g: g ■ (x,A) = (x,Ad(g)A). We consider 
the ^txg-module generated by 5q(x,A) with the defining equations: 

Ho(C)5 (x, A) = for any G G 0, 

(P(A)-P(x))6 (x,A) = 

V V ; V ov , ; for any P G C[ ] g . 

(P(^)-P(-^))5 (x,A) = [yJ 

Then, @ txa 5o(x, A) is a simple holonomic ^xg-niodule with support t x^g. Its 
characteristic variety is the set of (x, y, A, B) such that [A, B] — and there exists <? G 
G such that Ad(g)A and Ad(g)B are upper triangular and x and y are the diagonal 
components of Ad(g)A and Ad(g)B. Note that fi^xg^o^; A) C x t/lv0 |tx by 5o(a?, A) 1— > 
nr=i *(-P*(^) - ( see §3.1.3), where P G C[0] G (i = 1, . . . ,n) are the fundamental 

invariants given by det(l +tA) = Yli=o Pi(A)t l . 

We will need to consider the i^xexv-module % xs 5 (x, A)M^ V , generated by 5(x, A) : = 
5 (x, A)M1 which satisfies the same equations as 5q(x, A) and d Zi 8(x, A) = 0. In particular, 
fi D (C)S(x, A) = for any G G 0. 
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3.2.4. Let us set 

q(A, z) = det(A n -^, A n ~ 2 z, ...,Az,z). 

We have q(Ad(g)A,gz) = det(g)q(A,z) for g G G and \jx D (C),q(A,z)] = -tr(C)q(A,z) 
for C G fl. 

Consider the ^txgxy-module @i Xg xvq(A, z) c 5(x, A). A precise definition is as follows. 
Let us consider the left ideal y of i^txgxv <S> C[s] (s being an indeterminate) consisting 
of those P(s) such that P(m)g(A, z) m 5(x, A) = for any m G Z^ . We now define 
@ txs xvq(A,z) c 5(x,A) as (f txsxy <g> C[s])/(j^ + f lxjxy <g> C[s](s - c)) . It is a holonomic 
i^txgxv-module. 

The element q(A, z) c S(x, A) satisfies 

(^d(C) + ctr(C))q(A, z) c 5(x, A) = for any C G g, 
(P(A) - P(x))q(A, z) c 5(x, A) = for any P G C[g] G . 

We put v c = q(A, z) c 5(x, A). Let p : t rcg xgxl/^gxVbe the projection. Let us 
consider the ^ 0X y-module 

= (po)*(@t Icg x S xvv c ) = (po)*(@t Icg x Q xvq(A, z) c 5(x, A)). 

By the definition, we have an isomorphism *dt c — -> j*j _1 ^# c where j : g rcg x V x V is 
the open embedding. This is a quasi-coherent ^ 0X y-module whose characteristic variety 
is contained in the almost commuting variety ;U _1 (0). 

The action of W on t,- eg induces a H^-action on Jt c . Here, W acts trivially on v c . Hence, 
the f^ 0X y-module has a module structure over f^(t reg ) x W. Therefore, P c acts on 
via the canonical embedding 9 C : H c ^> f^(t reg ) x W. 

3.3. Spherical constructions and shift. 

3.3.1. There is a ^ gx y-linear homomorphism 

(3.4) i: ££ c — > ^# c , -u c i— > t> c . 

We regard ^ c as a twisted C7-equivariant ^ gx y-module with twist ctr, where sections in 
@(t Teg )v c are C7-invariant. Then, the morphism above is C7-equivariant. Moreover, it is 
C[t] w -linear. Hence i induces an epimorphism of (^(t rcg ) x W) <8> ^ 0X y-modules: 

0(t rcg) ®C[t] lv — >^c- 

Lemma 3.2. The morphism of <C\W] ® & \xv -modules 

C[t] Oc[t] w -»• 

«s an isomorphism on g rcg x V. 

In particular, the induced morphisms Jz? c " c '"~ > % e ^ c and Jzf c — — ^ - c > edet^c are 
isomorphisms on g rcg x V. 

Proof. Let i: t reg x F ^ g x V be the embedding. Note that % is non-characteristic 
for Jzf c and ^# c . Since G • t rcg = g reg , it is enough to prove that the canonical map 
C[t reg ] ®c[t rog ] lv 2*J2? C — * i*^ c is an isomorphism (cf. §3.1.2). 

We have i* Ho^rs) = (^4rr — A ss )dA ra — z s d Zr . It follows that we have an isomorphism 
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Let i" : t reg x t rcg ^ t x q be the embedding. Since the Jacobian 

d(Pi(x), . . .,P n (x))/d(x 1: ...,x n ) 
is equal to D(x) (e.g. [5, Ch. V, § 5.4, Proposition 5]), we have an isomorphism 

i"-9i«M*,A) S ^^^t^±, ® UegXti J( w ^x - a) 

where S(w~ 1 x — a) = 6(x w (i) — a\) ■ ■ • 6(x w ( n ) — a n ). 

Let us denote by t rcg x t rcg x y <^-> t rcg x g x V the embedding. We have an 
isomorphism 

(3-5) »X xgx v»« ®u^i^w' w . 

where v' w = D(a) c ~ 1 (zi • • • z n ) c 5(w~ 1 x — a) has the defining equations 

{d Xw(i) + d a% - (c - l)Ej#i a . 1 Q , K = °> 

- OiK = 0, 1 ' forany* = l,...,n. 

(zid Zi - c)v' w = 0, 
In particular, we have 

(3.6) /(xK = («T7)(aK for any / G C[t]. 

We obtain finally an isomorphism 



e 



This is compatible with the action of W, where w'(v' w ) = v' w , w . Moreover, each ^t icg xv v ' w 
is isomorphic to i*J£ c by v' w i— > -u c . Hence we obtain an isomorphism of (@t iesX v ® C[W])- 
modules 

The composition i*(C[t] <g) C [t]^ ^c) -> i*^ c ^C[W] <g> i*Jgf c is given by a ® m c h- > 
Swgw^ ® ( w ~ l(X ) u c in virtue of (3.6). Then the lemma follows from the fact that 
C[t] ®c[i\w C[t rcg ] — > C[W] <S> C[t rcg ] given by a <g> b i— > X]« ) eVK u ' ® ( w ~ lfl )^ is an iso- 
morphism. □ 

Lemma 3.3. The morphism i: ££ c — > is injective and its image is stable by eH c e. 
Furthermore, eH c e acts faithfully on Jz? c . 

Proof. The injectivity of i follows from Lemma 3.2, because Jzf c does not have a non-zero 
submodule supported in (q \ Q reg ) x V by Lemma 3.1. 

Since eH c e is generated by Cfi] 117 and y 2 e (cf. §3.2.1), the stability result follows from 
the following result (cf. [4, Proposition 5.4.1] and [6, Proposition 6.2]): 

(3.7) yV = A s v c . 

d 2 

Here A = — — — is the Laplacian on q. 

i,j=l,...,n OAijOAji 
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Finally, the faithfulness of the action of eH c e follows from the faithfulness of the action 
of H c on H c v c C */# c . With the notations of the proof of Lemma 3.2, we have an isomor- 
phism i*^ c ~ f ircgX y x W compatible with the action of ^t rog * W, and the faithfulness 
follows from that of 9 C . □ 

Remark 3.4. (i) In other words, the subalgebra of End^ gxV ,(Jz? c ) generated by C[t] w 
and by the endomorphism u c i— > A s u c is isomorphic to eH c e. 

(ii) The action of eH c e on S£ c can be described as follows. Let kq : Cft] 1 ^ C[g] G 

i^(g) and «i : C[t*] w ^^C[g*] G <^-> ^(g) be the canonical morphisms. We have 

(ae)-u c = /t (a)-u c for a G Cft] 117 , 

(6e)u c = ki(6*)u c ioibeC[t*] w . 
The first equality is clear. We have a commutative diagram 

C[t]f =2 ,C[g]« 

(3.9) ( ad (y 2 )) fe ,, ,,( ad ( A 3 )) fc 

qtir — - L — >c[gi« 

From (3.7) and the first equality, we deduce that 

(ad(A )) fe ( Ko (a)K = (-l) fe (ad(y 2 )) fc (aK 
for a G C[t]jf . This gives the second equality. 
3.3.2. The morphism i gives rise to an (H c ® ^ 0X y)-rinear morphism 

(3.10) H c e ® eHce Se c -> 
Consider the conditions: 

(3.11) H c eH c = H c , 

(3.12) eH c e dct H c e = eH c e and e det H c eH c e dct = e det H c e dct . 

Lemma 3.5. // (3.11) is satisfied, then the morphism (3.10) is injective. 

Proof. Since H c e is a projective eif c e-module, any coherent submodule of H c e ® e H c e 
vanishes as soon as it is zero on g reg x V by Lemma 3.1. Hence it is enough to show that 
the morphism (3.10) is injective on g rcg x V . Then the result follows from Lemma 3.2 and 
the fact that the multiplication map gives an isomorphism of right (eH c e<S>c[t] w C[t reg ] w )- 
modules 

C[t] ®c[t]w eH c e ® C [tp C[t TCg ] w H c e <g> C [t]w C[t reg ] w . 

□ 

Proposition 3.6. Condition (3.11) holds if and only if eH c gives a Morita equivalence 
between H c and eH c e. Similarly, Condition (3.12) holds if and only if eH c e de t gives a 
Morita equivalence between e<± e tH c e&et o,nd eH c e. 

This follows from the following Lemma: 

Lemma 3.7. Let A be a ring, and let e\ and C2 be idempotents in A. Assume that 

e\Ae2Ae\ = e±Aei and C2Ae\Ae2 = C2Ac2- 
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(i) For any A-module M, we have 

e 2 Aei ® ei A ei eiM e 2 M. 

(ii) e\Ae 2 and e 2 Ae\ give a Morita equivalence between Mod(e 1 Ae 1 ) and Mod(e 2 Ae 2 ). 

Proof, (i) The surjectivity follows from e 2 M = e 2 Ae 2 M = e 2 Ae\Ae 2 M C (e 2 Aei)(eiM). 

Let us show its injectivity. By the assumption, there exists finitely many elements 
di G e 2 Ae\ and hi G e\Ae 2 such that e 2 = J2i a i^i- Consider now u = J2j x j ® u j e 
e 2 Aei ®eiAei eiM (where G e 2 Ae x , Vj G eiM). Assume J2jXjVj = 0. Then 

w = aj6jXj ® Vj = a, ® biXjVj = 0. 

(ii) It is enough to show that the multiplication maps e 2 Ae± <S> ei A ei e\Ae 2 — > e 2 Ae 2 and 
eiAe 2 ® e2 Ae 2 e 2 Ae\ —> e i Ae 1 are isomorphisms. For the first one, we apply (i) to M — Ae 2 . 
The second one can be handled similarly. □ 

The previous result can be expressed in terms of bimodules: 

Proposition 3.8. Let A and B be rings, and let P be an (A, B)-bimodule, Q a (B,A)- 
bimodule and let ip: P ®b Q — > A be a morphism of (A, A) -bimodules, and ip: Q <S>a P — > 
B a morphism of (B, B)- bimodules. Assume that <p and ip are surjective and that the 
following diagrams commute: 



P®bQ®aP' 
nB — 



A® A P and Q ® A P ® B Q 
P Q® A A — 



B ® B Q 



Q. 



(i) Then ip and ip are isomorphisms, and P and Q give a Morita equivalence between 
Mod(A) and Mod(S). 

(ii) Let M be an A-module and N a B -module, and let f : Q <S> A M — > N and g: P ® B 
N — > M be morphisms such that the diagrams 



P®bQ®aM ■ 



A® A M 



and Q ® A P ®b N 



B 



N 



P i: A - M Q \ M 

are commutative. Then f and g are isomorphisms. 

'A P 



Proof. Apply Lemma 3.7 to the ring 



Q B 



, its module 



M 
N 



and e\ = 



N. 



1 




e 2 




1 



and 
□ 



Remark 3.9. 

(3.10). 
(ii) Let 



(i) It would be interesting to describe the image of the morphism 



<3f 



m 



{— | m, d G Z, 2 ^ d ^ n, (m, d) — 1, m < 0}. 
a 
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It is known that Condition (3.11) holds for c ^ while Condition (3.12) holds 
when c - 1 £ & , cf. [8, Theorem 3.3], [2, Theorem 8.1] and [3]. 

3.3.3. Let us consider the f^(t reg ) <E> ^ 0X yTinear morphism 

a: — > ^c-i <S> det(V) 
w c = g(A, ^) c 5(a;, A) g(A, 2) • g(A, z) c ~ 1 5{x, A) ® I = q(A, z)v c _i ® I. 

Here / e det(V) := A" V" is the element such that q(A, z)l = A n ~ l z A A n ~ 2 z A • • • A Az A z. 
In particular, g(A, z) ® I is a C7-invariant section of sx v <S> det(V). 

So, the morphism a is C7-equivariant. We endow ^# c _i with an iJ c -module structure 
via the embedding 9 C : H c <^-> f^(t reg ) XI W. Then cr is i^-linear. 

Remark 3.10. Note that — > ^ c -i <8> det(V) is an isomorphism on {g(A, z) 7^ 0}. 
However, with our definition of ^# c , the morphism ^ c — > ^ c _i®det(V) is not a monomor- 
phism for certain c, e.g. c = 0. Let us show this after restriction to t rcg x V. We have 
q( t A,d z )q(A, z)v c -i = for c = by (3.5), while the support of q(fA,d z )v c is the subva- 
riety {q(A,z) = 0}. 

Let ^ flX y(f (x)i; c _i) be the ^ 0X y-sub module of ^# c _i generated by B(x)i; c _i. 

Lemma 3.11. (i) @ gx y(H(x)v c -i) is invariant by e det H c e det . 

(ii) The morphism ~£? c _i — > ^ flX y(0(x)i' c _i) gzwen fry w c _i h- > D(:r)i> c _i is an isomor- 
phism. 

Proof. Note that edetf (x)f c _i = Q(x)v c -i. The proof is similar to that of Lemma 3.3: the 
key point is the following (cf. e.g. [13, Theorem 3.1]) 

(3.13) y 2 (D(:rH_i) = A B (Q(x)v c -i). 

□ 

By [2, Proposition 4.1], there is a (unique) isomorphism 

/ : e det H c e det eH c ^e 
such that c _i(/(a)) = 0(x)~ 1 6' c (a)c)(x) for a G e dct # c e dct . 

The isomorphism «5f c _i ^ sx y(0(a;)t> c _ 1 ) of Lemma 3.11 is compatible with / and 
we will sometimes view Jzf c _i as an (e det H c edet <8> ^ flX y)-module. 

By Lemma 3.2, the image of the morphism 

e det H c e ® eHc e ^c\ Slcg xv ^c\ Slcg xv, a®u c ^ av c 

is contained in ^ 8reg xv(3(i)f c )- It follows from Lemma 3.11 that over rcg x V, the com- 
posite morphism e dct H c e ® e H c e <dt c -\ ® det(V) factors through a morphism 

(3.14) tp: e dct H c e ® eHce ^ c | grcgX y ► ~^ c -i ® det(V% regX y. 

Similarly, we have the morphism 

^ ^ : eH c 6 det <S)e dct H c e dct 3?c-l ® det(y)| {9 ( A ,2)^0} -»■ ^c\{q(A,z)^0} 

The morphism ip is linear over edet-^cCdet — eif c _ie and the morphism ip is linear over 
eif c e. We have 

(p(d(x)e <g) -u c ) = g(A, z)u c -\ ® / 
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q(A, z)ip(X)(x)e det <g> m c _i <g> I) = c) 2 (A)m c 

where f 2 (A) is the discriminant of the characteristic polynomial of A. 
Note that the following diagrams commute on g Icg x V fl {g(A, 2) 7^ 0}: 



(3.16) 



ei? c e de t ® e de t-ff c e <8> £? c 



(jS? c _i <g> det(y)) 

e det-ffcedot 



eH c e 



and 



e dct H c e <g> eH c e dct ® (^f c -i ® det(V)) — >- e det # c e dct ® (.^ c -i <E> det(V)) 

efte edct-f^cedct e dct-f^cedot 



(3.17) 



e dct H c e ® ^ c 

ei? c e 



J^ c _x <g> det(V). 



Proposition 3.12. TTie morphism f extends uniquely to a morphism of 3> gx y -modules: 

(3.18) y?: e dct # c e ® e ^ ce Jgf c ► Jgf c _i <g> det(F). 

The proof will proceed by reduction to rank two. Recall that Qi denotes the open subset 
of of matrices with at least (n — 1) distinct eigenvalues. Then g \ $ji is a closed subset 
of of codimension 2. 

We shall prove first the following lemma. 

Lemma 3.13. After restriction to Q 1 x V , we have an inclusion of submodules o/^ c _i 

H c % xV v c C C[t]% xV v c + C[t]% xV -0(x)v c ^ 
where v c = q(A, z)v c -\. 

Proof. Since H c = C[t]C[t*]C[W], it is enough to show that 

(3.19) C[t*]% xV v c e C[t]% xV v c + C[t]% xV V(x)v c ^ on 01 x V. 

Here the action of C[t*] is through C[t*] ^ H c ^(t reg ) x W. 
Let us assume first that n — 2. We have 

q(A, z) = -A 21 z\ + (A u - A 22 )z x z 2 + A 12 z 2 . 

We put 

q(d A , z) = -z\d Al2 + z x z 2 {d All - d A22 ) + z\d Ml . 

We will show that 

(3.20) (d Xl - d X2 )q(A, z)v c -i = -q(d A , z)(x ± - x 2 )v c - X - 

This is an equality in the f^ gx y-sub module i(Jzf c _i) of ^t c _x- Note that (yi — y 2 )v c -i = 
(d Xl - d X2 )v c -i. 
By § 3.2.3, we have 

w c _i = q(A, z)°~ 1 S(x 1 +x 2 - ti(A))5(xiX 2 - det(A)). 
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Since q{&A, z)q(A, z) = q{&A, z) tr(A) = and q{&A, z) det(A) = —q(A, z), we obtain 

q(d A , z)v c ^ = q(A, z) c S(x 1 + x 2 - tr(A))5' {x x x 2 - det(A)). 

On the other hand, we have 

(d xi - d X2 )q(A, z)v c ^i = (x 2 - xi)q(A, z) c 5(x l + x 2 - ti(A))5' (x^ 2 - det(A)). 

The equality (3.20) then follows. 

We assume now n ^ 2. Let S be the locally closed subset of q of matrices 

I A' • • • \ 
a 3 ••• 

a 4 

\ a n J 

where A' is a 2 x 2 matrix and a« ^ aj (3 ^ % < j ^ n) and a, is not an eigenvalue of A' 
for 3 ^ i ^ n. Let ti = t fl S = {x e t ; 7^ for i < j and 3 ^ j} . Let x' = (xi, x 2 ), 
x" = (x 3 , ...,x n ) and a" = (a 3 , . . . , a n ). 

We have G ■ S — Q\. Let i: SxV^QxVhe the inclusion map. Then, % is non- 
characteristic for J?? c and ^# c _i, because we have T^S* + T X (C7 • x) = T x for any x <E S. 

Denote by q' the subalgebra of q of matrices (Ay) with Ay = whenever % > 2 or 
j > 2. We identify g' with gl 2 (C). Given an object X defined earlier for g, we denote by 
X' the corresponding objects for q' (i.e., case n — 2). For example, W 7 is the subgroup of 
generated by s 12 . 

Let i": t x S — > t x g be the embedding. We have an isomorphism of f^xs-modules 
compatible with the action of W (cf. Proof of Lemma 3.2): 

A) ^^^^^^'^\ T^ txS S(x',A')S(x"-a"). 

wew\w 

Here, T w is the automorphism of t given by w, and Qi(A', a") = 0(a") nr=3 det(aj/2 — A'), 
A') = 5(xi + x 2 - tr(A'))<K^2 - det(A')). 
Let A E S. We have 

g(A^) = g'(A',/)-g 1 (A^), 

where 

?1 (A, 2) = (^•••z n )c) 1 (A , ,a"). 
Note that 1)1 (A', a") is invertible on S. 

Let p: t TCg x S x V — > S x 1/ be the projection. We have a £^(t reg ) ® i^s x y-linear 
isomorphism compatible with the action of W: 

(3.21) i*Ji c C[W] ®c[W] P*(@t ns xsxvv c ) 

where v c = v' c q 1 (A, z) c Di(A', a")' 1 S(x" - a") with v' c = q'(A', z') c 5(x', A'). Note that s 12 
acts trivially on v c . The action of ^(t reg ) x W on C[W] ®c[w] P*(^t rog x5xy^c) is given 
by: 

(a<gw)(u/<g)s) = (W)®(((W) _1 o)s) for w, -u/ e W, a e 0(t reg ), s G p*(^t reg xSxv£c)- 
Note that ^ 

xv v c is stable by Cfti] 1 ^ as a submodule of ^t TCg xSxVV c ). Since C[ti] = 
C[t]C[t!] w ', C[t]0 SxV u c is stable by C[ti]. 
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Let us still denote by v c = q(A, z)v c -i, the image of v c . 

Let us set y\ = d Xl — c{x\ — x 2 )~ 1 (l — S12) and y 2 = d x , 2 — c(x 2 — — si 2 ), partial 

Dunkl operators, and let R be the algebra generated by yi, y 2 and d Xi (i = 3, . . . , n). 
Then s i2 acts on R by the permutation of yi and y 2 . We have R = R w © (yi — y 2 )R w . 

Let 

^ = C[t]@sxvVc + (yi-y2)C[t}@sxvv c 
= c[i]@ S xvv c + C[t]fgw(yi - £2)^ 

= C[t }$>SxVVc + C[i]@ S xv(.d xl - 0^ 

be a submodule of reg xSxV^c-i)- Since (yi + y 2 )v c , yiy 2 v c , and 9 Xi u c (i = 3, . . . ,n) 

belong to C[t}2$sxvv c (cf. Lemma 3.3), ^ is invariant by R. 

Set = C[W] <8>qw] ■ Let us show that ,JV is invariant by the action of C[t*] C 
H c C ^(t rcg ) X! W. For any i, we have 

yi{w®t) = w® d Xw _ Hi) t -c^2w(l + s w -ni) iW -i( k )) <g> 

for any w E W and i G Since (x — a:?,) -1 G C[ti] when a or 6 is in {3, . . . , n}, we 
have yi(w ®t) <E JV when tu _1 (i) 7^ 1, 2. If u> _1 (i) = 1, then 

yi(w®t) = w ® c^i — cu>(l + S12) <8> (xi — x 2 ) _1 t mod 
= w ®yit E JV . 

The case u> _1 (?) = 2 is similar. Hence we have shown that </K is invariant by C[t*]. Thus, 
we obtain 

C[t*](e®v c ) C ^K. 
The study of rank 2 above, i.e. (3.20), shows that 

(yi - V2)vc C C[i]S>sxvv c + C[t]@sxv(xi - x 2 )v c -i. 

Hence we obtain 

jf C J" := C[t]SW^c + C[t]^ 5 xy5(^)^c-i, 

which implies 

(3.22) C[t*](e<g>u c ) C =yT:=C[W] ® J" . 

We have a commutative diagram, where the horizontal map is an isomorphism 

y t t- . (w,x)^(w(x),x) 

W X W f ti >- t X t/W ii/W 




(w,x)i—*w(x}~^^^ ^^(x,x')t—>x 



The diagram above is VF-equivariant, for the action of g G W given by 

g ■ (w, x) — (gw, x) for (w, x) e W x w > t 1 
g-(x,x') = (g(x),x') for (x,x') G t x t/w ti/W. 
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It follows that we have an isomorphism of C[t]-modules 

C[t] <S>c[t] w 

qt^'^qw] ® cm c[ti] 

a <S> a' i— > w®w" 1 (a)a / . 
tuew/w 

In particular, we have C[W] <g) C [W] C[ti] = C[t] • (e® C[ti] w '). Since Cfti^X C ^s x v? c 
and C[ti] w '?)(a;)w c _i C @sxv?)(x)vc-u we deduce that 

JT' = C[t] (e <g> %x^ c + e <g> ^sxv^(a:)uc-i) • 
Together with (3.22), we obtain 

C[t *]5W(e ® u c ) C C[t] (* x v(e <8> u c ) + £>sxv(e ® 5 (z)55 c _i)) . 
Via the isomorphism (3.21), this shows that 

i*(c[t*]0 flxV U c ) C i*(c[t\% xV v c + C[i\% xV X){x)v c ^. 

Since /x _1 (0) fl T| xy (g x V) C T* xV (g x V), the non-characteristic condition implies the 
desired result (3.19) (cf. §3.1.2). ' □ 

Proof of Proposition 3.12. By Lemma 3.13, we have, on $ji x V, 

e det H c @ gxV v c C e det C[t]% xV v c + e dct C[t]^ 0X yO(a;)t; c _i 

C C[t] w V(x)% xV v c + C[t] w % xV ^{x)v c ^ = % xV D{x)v c ^ 

since ed e tC[t]e = C[i] w/ 0(a;)e and ed c tC[t]e dct = qtj^edet- Hence f extends to a mor- 
phism defined on $ji x V. Then the desired result follows from J£^ 0i ) xy («£f c _i) = 
(Lemma 3.1). □ 

4. Cherednik algebras and Hilbert schemes 
4.1. Geometry of the Hilbert scheme. 

4.1.1. We refer to [23, 12] for basic results on Hilbert schemes of points on C 2 . 
Let us recall that 

X = {(A, B, z, C) G x g x V x V* ; C(A, B)z = V} 

is the set of stable points for the action of G on T*(q x V), relative to the character det 
of G. The group G acts freely on X. Let fix- X — > be the moment map: 

//x(A,5,2,C) = -[A£]-2°C- 

It is a smooth morphism. Let Hilb n (C 2 ) be the Hilbert scheme classifying closed sub- 
schemes of C 2 with length n. Then we have an isomorphism Hilb n (C 2 ) fi^ 1 (0) / G . 
Note that we have ( = on /^(O) (cf. [7, Lemma 2.3]). 

We shall write Hilb instead of Hilb n (C 2 ) for short. Let us denote by p: /i^ 1 (0) — > Hilb 
the quotient map. 

Let us recall the construction of p. For (A, B, z, () E / u^ 1 (0), we regard V as & C[X, Y\- 
module by X i— > A and Y i— > B. Then z gives an epimorphism C[X, Y] -» V of C[X, F]- 
modules. Hence K gives a closed subscheme of C 2 = Spec(C[X, Yj) of length n, which is 
the corresponding point of Hilb. 
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Let 7r: Hilb — > (t x t*)/W be the Hilbert-Chow morphism. Then Hilb is a resolution 
of singularities of (t x i*)/W ~ (C 2 ) n /S n , the scheme of n unordered points in C 2 . We 
have canonical isomorphisms 

iW(o), ^- (0 )) G ^ r (Hiib, ^mib) ^ r((t x t*)/w, ^ (txt . )/w ) ^ c[t x t*] w 

Let (t x t*) reg be the open subset of t x t* where the action of W is free. The Hilbert-Chow 

morphism n is an isomorphism over (t xt*) TCg /W. Let E: = 7r _1 ^((t xt*)\(t x t*) reg ) /W^j 

be the exceptional divisor. It is a closed irreducible hypersurface of Hilb. The line bundle 
L on Hilb associated with the G-equivariant line bundle &x®det{V) on X is a very ample 
line bundle on Hilb. 
Let us set 

C[//^(0)] G ' det = {<j>(p) G C[fi x \0)] ; <j>(gp) = det(g)<j>(p) for any g E G} . 

It is isomorphic to T (Hilb, L) ~ (C^^O)] <g>det(Y)) G Let i : t x t* x V ^ q x g x V x V* 
be the embedding with the last component ( = 0. Then i~ 1 (//^ 1 (0)) contains (t rcg x t* U 
t x t r * cg ) x (C*) n . For any G C[/i^(0)] G ' det , we have (i*(j))(x,y, gz) = det(g)(i*(j))(x, y, z) 
for any invertible diagonal matrix g. Hence we have 

{i*4>) (x, y, z) = a(x, y) {z x ■ ■ ■ z n ) 

for some rational function a(x, y) which is regular on (t rcg x t*) U (t x t* cg ), an open subset 
of t x t* with complement of codimension 2. Hence we have 

a(x,y) G C[t x i*] w > dct = { a e C[t xt*];wa = det(w)a for any w G W} . 

Thus we obtain a map which is known to be an isomorphism (cf. e.g. [7, Proposition 
8.2.1]) and we denote its inverse by id- 

C[^m G > Aet ® det(Y) -^C[t x V} w ^ 

<f> <S> I !— > (I, z± A • • • A z n )a. 

Similarly, we have an isomorphism (cf. e.g. [7, Lemma 2.7.3]) whose inverse we denote 
by i s : 

(4.2) q^fof^qtxtf. 

Summarizing, we have the following isomorphisms 

i d : C[txtf' dct C[ / u x 1 (0)] G ' dct ®det(\/) ~ r(Hilb,L), 

(4.3) 

i s : C[t x t*] w ^ C[^(0)] G ~ ^mib(Hilb). 

4.1.2. For a subset Y of Z^o x Zj>o with cardinality n, set py = det(x t k y :> k )(i t j) e Y,k=i,...n £ 
C[t x t*]^ dct and sy(A, if, z, () = det(A^' z) (i>j)eY G C[//£ 1 (0)] G ' dct = L(Hilb). Then 
{py}y is a basis of C[t x t*]^ * as a vector space and iaipy) — s y- The (^hub-module 
L is generated by {sy}y, where Y ranges over the set of Young diagrams of size n. Here 
we regard a Young diagram Y as a subset of Z^ x Z^ such that («, j) G Y as soon as 
+ 1) or (i + belongs to Y. 
There is a canonical global section r G T(Hilb; L®~ 2 ) satisfying the following property: 

(4.4) i d (ai)i d (a 2 )T = i 8 (aia 2 ) for any 0l , a 2 G C[t x t*]^ dct . 
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Note that r is identified with a function on //^(O) such that r(gp) = det(g)~ 2 r(p) (p e 
/^(O) and g eG). 

The exceptional divisor i£ coincides with the set of zeroes of r, and we obtain an 
isomorphism 

Let us denote by f 2 (A) the discriminant of the characteristic polynomial of A, and simi- 
larly for f 2 (5). Then we have 

iMx)) = q(A,z), tMv)) = q(B,z), i s (x>^) 2 ) = * 2 (A), i s (*( y ) 2 ) = i> 2 (B). 

Hence we have 

d 2 (A) = q(A,z) 2 r and d 2 (B) = q(B,z) 2 r. 

Lemma 4.1. (i) The hypersurface of pi^ifS) defined byq(A,z) = is irreducible, and 
p~ x E fl {q(A, z) = 0} is of codimension 2 in /^(O). 

(ii) The hypersurface o//x^ 1 (0) defined by ft 2 (A) = is p~ 1 E U {q(A,z) = 0}. 

(iii) /%*(()) fl {q(A, z) = q(B, z) = 0} is of codimension 2 in /x^ 1 (0). 

Note that (i) follows from the fact that q(A, z) does not vanish on the irreducible 
hypersurface p~ x E of p^(0), and q(A,z) is irreducible on /^(O) \ p~ 1 E. Statement (iii) 
follows from [12, Lemma 3.6.2]. 

4.2. W-algebras on the Hilbert scheme. 

4.2.1. In the preceding sections, we have regarded X, Hilb, etc. as schemes. Hereafter, 
we regard them as complex manifolds. Note that the previous constructions and results 
would remain valid in the analytic category. Let Wx be the /^-algebra on X associated 
with S'qxV Denoting by n: X — > g x V the projection, we have a ring homomorphism 
7r _1 ^ 0X y — ► respecting the order filtration. The ring W x is flat over 7r _1 ^ 0X y. The 
action of G on g x V induces an action of G on Wx and there is a quantized moment map 

Pw ■ -»• 3% 

We have morphisms 

and 

«i= C[t*] w ^C[ *] G ^ (g) - #i(X). 

Note that /«i(y 2 ) = A B . 

For k G Z^ , let C[t*]f be the homo geneous part of C[t*] H/ of degree k. Then kq sends 
C[t] w to W x (0) and K\ sends C[t*]^ to Wx(k) and we have the commutative diagrams: 

C[i*]f^Wx{k) 

(4.5) (t and ^\ c fc 

h~ k Gx 

Let us consider y^x®% xV which we denote by the same letter Jzf c . With the notation 
of §2.4.2, we have Jzf c = $ ctr (^x)- Hence Jzf c is a twisted G-equivariant #^-module with 
twist ctr. Let u c be the canonical section of Jzf c , and set Jz? c (m) = Wx{m)u c . Then we 
have an isomorphism 

JSf c (0)/JSf c (-l)-^^i (0) . 
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The support of Jzf c is /^(O). The #^-module «Sf c has a left action of eH c e by Lemma 
3.3. Via the anti-involution h i— > /i* of ff c , we regard j£f c as a (#x, eiJ c e)-bimodule. 
Similarly, =S? c _i has a structure of (W%, ed c t-f^ c edct)-bimodule (Lemma 3.11). These actions 
are explicitly given by: 

u c ea = K (a)u c for a G C[t] w C H c , 
^ u c eb = K 1 (b)u c for b G C[i*] w C H c . 



M c _ie dct a = re (a)u c _i for a G Cft] 1 ^ C H c , 
! ! ' ' u c ^e dct b = ki(6)« c _i for 6 G C[t*] w C if c . 

Since /^(O) is smooth, we have 

Sxtiy* (^c, ^e) = for j ^ codim^^O)). 
Hence, for any closed subset 5 C /^(O), we have by Lemma 2.1: 

(4.8) (^c) = for j < codim M -i (0)( 5. 
In (3.18) and (3.15), we defined the morphisms: 

(4.9) if: Jzf c ® eiJ c e dct ► ^ c -i ® det(V) 

and 

^: (jSf c _i ®det(T/)) <g> e dct iJ c e \{ q ( A ,z)^o} ► ^ l{ 9 (A^o} • 

edet-ffce dct 

Proposition 4.2. TTie morphism ip extends uniquely to a morphism defined on X. 
Proof. We have 

q(A, z)ip(u c -i ® a) = u c - (D(x)a) 

for any a G e dct H c e. 
Now let us show that 

(4.10) (ad(A s ) fc g(A z))VK-i ®a)=u c - ((&d(y 2 ) k d(x))a) 

holds on {g(A, z) ^ 0} by the induction on k. 
We have 

(ad(A g ) k q(A, z))^(u c ^ (g) a) 

= A (ad(A s ) fe " 1 g(A, z)M« c -i ® a) - (ad(A ) fc - 1 g(A, z))A ^K_i ® a). 

The first term is calculated as 

A (ad(A B ) fc - 1 g(A^))^K-i®a) = A w c • ((ad(y 2 ) fe_1 $(:r))a) 

= u c y 2 • ((ad( y 2 )^c)(:r))a) 

= Mc -(y 2 (ad(y 2 ) fe - 1 c)( a :))a). 

The second term is calculated as 

(ad(A ) fc - 1 g(A^))A ^K_ 1 ®a) = (ad(A ) fe - 1 g(A, z))^{\u c ^ <g> a) 

= (ad(A ) /£ - 1 g(A,z))^K-iy 2 ®a) 
= (ad(A ) fe - 1 g(A,2;))^(M c _ 1 ®y 2 a) 
= « c -((ad( y 2 ) fe ~ 1 c)(:r)) y 2 a). 
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Hence we obtain (4.10). In particular, letting k to be n(n — l)/2, the degree of d(x), and 
using the fact that ad(A ) n ( n_1 )/ 2 q(A, z) is equal to q(dA, z) up to a constant multiple 
(see e.g. (3.2) and the sentence below), we obtain 

(4.11) q(d A , z)^>(it c -i ®a) =u c - (V(y)a). 

Hence ip{u c ^i (8) a) extends to a section of j£f c outside g(_B, z) = 0. 

Thus we have shown that ip(u c ^i <g> a) is a section defined outside {q(A,z) = 0} n 
{g(5, 2) = 0}. Since {q(A, z) = 0} n 2) = 0} n /%*(()) is of codimension 2 in ^(0) 
(Lemma 4.1), it follows that ip(u c -i ® a) extends to a global section of S£ c by (4.8). □ 

Remark 4.3. (i) So, we have obtained a structure of (e + ed e t)#c(e + ed e t)-module 
on «£f c © «Sf c _i <g>det(V). 

(ii) We have 

V?(m c (g) e0(x)) = g(A, z)u c _i, 
y?(w c ® e0(y)) = g(<9 A , z)u c -i, 

(4.12) 

g(A, z)^{u c -x ® a) = u c ■ (d (x)a) 

tor a G e<ietH c e. 

q(d A , z)ip(u c -i ®a)=u c - (D(y)a) 

(iii) The diagrams (3.16) and (3.17) commute on 36. 

By Propositions 3.12, 4.2 and Remark 4.3 (iii), we obtain the following proposition (see 
Proposition 3.8). 

Proposition 4.4. Assume Condition (3.12) holds. Then we have isomorphisms of twisted 
G-equivariant Wx-modules with twist ctr : 

y? : j£? c ®eH c e eH c e dct JS? c _i <g> det(V) 

and 

V> : (Jgf c _i <g> det(V)) ® e det # c e Jzf c . 

edct-ffce dct 

4.2.2. Let us consider 

rf c = {p^nd Wx (J? c )f)° PP . 

It is a W-algebra on Hilb by Proposition 2.8. Let &/ c (0) be the subring of sections of order 
at most 0. For m G Z, J^ c+m <g> det(V)^' m belongs to Mod% T (W x ) (cf. (2.4)). Set 

<c+m = (p. (^c, ^c +m <8> det(^) - m )) G . 

Then =f/ CiC+m is an (^/ c , ^ c+m )-bimodule. Let a? C:C+m (0) = (p, «^om^( )(JSf c (0), Jzf c+m (0)<g> 
det(V)®- m )) G . Then .< c+m (0) is an ^(O)-lattice of £f CjC+m and J< c+m (0)/^ c+m (-l) ~ 
L®~ m , the associated line bundle on Hilb to ^-i (0) ®det(\/)®" m (cf. Proposition 2.8 (iii)). 

4.3. Affinity of ^/ c . 

4.3.1. As an application of Theorem 2.9, we obtain the following vanishing theorem. 

Theorem 4.5. Assume Condition (3.12) holds for c + m {for all m G Z>o). 

(i) For any good srf c -module <dt ' , hmfP(A, ^#) = /or 2 > 0. Here K ranges over 

K 

compact subsets o/Hilb. 
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(ii) Any good stf c -module M is generated by global sections on any compact subset of 
Hilb. 

Proof. By Proposition 4.4, for any m > 0, Jz? c + m is a direct summand of a direct sum of 
copies of J2? c+m _i <S> det(V) and J2? c+m _i © det(V) is a direct summand of a direct sum 
of copies of J2? c + m in the category Mod^ c+m ^ tr (Wx). Hence =S? c + m © det(V)®~ m is a direct 
summand of a direct sum of copies of S£ c and J2? c is a direct summand of a direct sum of 
copies of J2? c+m ® det(V)®~ m in the category Mod^ tr (Wx) for any m > 0. It follows that 
£^ Cfi+m is a direct summand of a direct sum of copies of srf c and ^ is a direct summand 
of a direct sum of copies of £^ c ,c+m for any m > 0. Moreover ^ jC+m is a good ^-module 
whose symbol is £®~ m . 

Theorem 2.9 now gives the conclusion. □ 

4.3.2. Let us give an F-action on W x by T t {A i3 ) = tA ih T t [d Al3 ) = t^d^, ^(zj) = te,, 
Ft(d Zi ) = r x d Zi and = t 2 h for i G G m = C x . Since B i3 = a (Hd Aji ) and Q = 
o~o(fi>d Zi ), the corresponding action of G m on X is T t ((A, B, z, £)) = (tA,tB,tz,t(). Its 
induced G m -action on Hilb coincides with the action induced by the scalar G m -action on 
C 2 . We define the F-action on Jzf c by Ft{u c ) = u c . 

Note that 

The F-action on is compatible with the G-action on W, and hence £/ c is also a 
W-algebra on Hilb with F-action (cf. Proposition 2.8 (iv)). We define the F-action on 
Jzf c _i © det(V) by T t {u c -\ © I) — t~ n u c _i © /. Hence £^, )C _i has a structure of ^-module 
with F-action. 

4.3.3. The ((e + e de t)-ff c (e + e dct ))° PP -module structure on j£f c © (~2? c _i © det(V)) gives a 
ring homomorphism 

(e + e dct )H c (e + e dct ) A End^ c (^/ C © < c _i) opp . 

Since it is not compatible with the F-action, we shall modify a. 
Set 

K = ^ c \n l/2 } and < c -i = < c -i[/i 1/2 ]. 

Let H c A kfft 1 / 2 ]©^ be the ring homomorphism given by Xi h- > ft 1 / 2 ©x i , i— > ft 1 / 2 ©^, 
w I— > 1 © w (w G W). 

Lemma 4.6. T/ie composition 
$: (e + e dct )if c (e + e det ) A k[fr 1/2 ] © c (e + e det )# c (e + e dct ) A End^K © < c -i)° pp 
sends (e + e dct )iJ c (e + e dct ) to End ModF( ^ } (^/ c © ^/ CjC _i) opp . 

Proof. First let us show that $ sends eH c e to End ModF ^(=g/ c ) opp . For a homogeneous ele- 
ment a G C[t] w of degree fc, $(ae)(u c ) = h~ k/2 a(A)u c , where a(A) is the element of C[q] g 
such that a\t = a. Since a(A) is also homogeneous of degree k, H~ k ^ 2 a(A) is jF-invariant, 
and $(ae) belongs to Mod F (=g^,). On the other hand, we have $(y 2 e)(-u c ) = hA 5 u c and 
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h~A s is JF- invariant. Hence $(y 2 e) belongs to Mod F (^ c )- Since eH c e is generated by 
C[t] w e and y 2 e, we have $(eF c e) C End ModF( ^ } (^/ c ). 
Similarly, we have $(e det # c e dct ) C End^^^^-i). 

Let us show that $(ec)(x)) G Hom ModF( .^(,2i4, ^/ CjC -i). This follows from $(ec)(a;))(-u c ) = 
fi-n(n-i)/4 q ^ ^ Uc _ i Zj JF t ( g (A, 2)) = r +ri ("^)/ 2 g(A, 2) jmd ^K-i <g> = t~^u c -\ ® I- 

For a G e<ietH c e, let us show that $(a): =c/ CiC -i — > ^ c belongs to Mod F (srf c ). Since 
&(aed(x)) belongs to Mod F (af c ), and since <£>(ei>(a;)) | {q(A,z)^o} is an isomorphism in the cat- 
egory Mod F (£sf c \ MA ,z)^o}), it followsjdiat $(a)|{ g (A, z )^o} is in Mod F (^/ c \ MA ^ 0} ). Hence 
we conclude that $(a) is in Modi?(<£i4). Similarly, one shows that <E>(eif c edet) is contained 
in Hom Modf(/c) «, < c _x) . □ 

In particular we obtain a morphism of algebras 

eH c e^End ModF(sic) (^rv. 

We denote by (p and ^ the modified morphisms in Mod j p(i^ ; ) given in Lemma 4.6: 

: Jz^ c ® eHc e eH c e dct > Jz^ c _i <8> det(V), 

We define the order filtration F(eH c e) on eH c e by assigning order 1/2 to X{ and Then 
the morphism eH c e — > End Mod ,^(=£^,) opp is compatible with the order filtrations, and 

the symbol map C[t x t*] w ~ Gr F (e# c e) - Gr F End^^K) C r(Hilb, ^Hiib)[^ ±1/2 ] 
coincides with C[t x t*]f ft- fc r(Hilb, £? ffi ib) by (4.5). Here fc G Z/2. 

Lemma 4.7. T/ie morphism eH c e — > End Mod ,^(=!a^) opp 2s an isomorphism. 

Proof. Note that the subspace Gr F End Mod C r(Hilb, ^kiib) [^ ±1,/2 ] is contained 

in ©fcez/2r(Hilb, <^Hiib)fc^~ fe where r(Hilb, ^mib)fc is the homogeneous part of weight 2k 
with respect to the G m -action. Hence we have a chain of morphisms 

C[t x t*] w ^Gr F (eH c e) 

-> Gr F (End ModFK ~ ) ( ! <) opp ) © feG z/ 2 r(Hilb, ^) k hr k C[t x t*] w 

Since the composition is the identity, the map Gr F (ei/ c e) — > Gr F (End ModF ^(=2^,) opp ) is 
bijective. Hence the morphism eH c e — > End ModF( .^- ) (^) opp is an isomorphism. Note that 

a^( End Mod F K C )K)) = °- D 

Remark 4.8. A similar argument shows that there is an isomorphism 

eH c e dct Hom^^^c, << c -i)- 

(See § 4.4.) 

Let o G (t x t*)/W be the image of the origin of t x t*. Then the Hilbert-Chow 
morphism n: Hilb — > (t x t*)/W is C x -equi variant, and every point of (t x t*)/W 
shrinks to o. 

Now the following theorem is a consequence of Theorem 2.10. 
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Theorem 4.9. Assume Condition (3.12) holds for c + m, for allm G Z >0 (this will be the 
case if ' c ^jZ <0 ). We have quasi-inverse equivalences of categories between Modf od (£/ C ) 
and Mod co h(eiy c e) 

Mod! ood K) " Mod coh (e# c e) 

Jt i-> Hom^good^^e,^) 

£^®eH c e M ^ M. 

Under this equivalence, srf c and &^ c ,c-i correspond to eH c e and eH c e dct , respectively. 

Theorem 4.10. Assume Condition (3.12) holds for c + m (for all m G Z >0 ). As- 
sume also Condition (3.11) holds (these assumptions will be satisfied if c ^ ^,Z <0 ). Let 

B c = §nd^(s^ c ®eH c e eH c ) opp . We have quasi-inverse equivalences of categories between 

Modf od (B c ) andMod coh (H c ) 

Modf od (B c ) A Mod coh (# c ) 

Jt i-> Hom Mod goo d(Bc) (B c ,^) 
B, ® Hc M • • M. 

Remark 4.11. It would be very interesting to have a more direct construction of srf c ® eHce 
eH c . 

4.4. W-algebras as fractions of eH c e. We explain how sections of srf c over open subsets 
of Hilb can be obtained by inverting elements in the Cherednik algebra. 

Let {Fj(H c )}j e z/2 be the filtration of H c consisting of elements of order ^ j, where we 
give order 1/2 to x iy y^ and order to w G W. Then we have a canonical isomorphism 

a: Gr F (H c ) -^->C[t x t*] x W. We have induced filtrations on eH c e and eH c e dct , and a 
induces isomorphisms 

Gr F (eH c e) C[t x t*] w , 

Gr F (eH c e dct ) C[txtf dct . 

Composing with the morphism C[t xt*] — > C[t xt*] [ftr 1 / 2 ] given by a(x, y) i— > a(hr x l 2 x, hr x l 2 
we obtain homomorphisms 

Gr F (eH c e) > C[t x t*] w [nr^ 2 ], 

Gr F (eH c e dct ) > C[t x t*]^^^" 1 / 2 ]. 

We shall setWx = W x [h 1 / 2 } and #^(0) = #^(0) + fr^W^O). We set JZ c = W 3t ® Wx Jgf c . 
Then .5f c © Jz? c _i <g) det(V) has a structure of (#£, (e + e dct )H c (e + e dct ))-bimodule. The 
action of eH c e det is given by <p: Jz? c ® e u c e eH c e det — > J^c-i <8> det(V). On the other hand, 
we have canonical isomorphisms Gr F (Jzf c ) ~ Gr F (J^ c _x) ^-i^-J^ 1 / 2 ]. Here -F(Jz? c ) 

(resp^F(^li)) is the order filtration given by F k (J£ c ) = H' k ^x(0)u c (resp. F fc (J^_i) = 
^- fc ^e(0)« c _i) for fc G Z/2. 
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(4.13) 



Gr F (j^ c ) <g> Gr F {eH c e) 

J 

Gr F (^ c <g> e# c e) 
Gr F (^ c ) 



-^- 1( o)[^ ±1/2 ]- 



The morphism (p is order-preserving and we obtain a commutative diagram 

Gr^-gj Gr f (e// C e det ) >- ^ ; '(o)(R ±1/2 ] ® C[i x l']»-.*'[/r'/ 2 ] 

J 

(4.14) Gr F (j%® cff c e drt ) 

_ ^ 

Gr F (^ c _! <g> det(y)) — 



^-(0)[^ ±1/2 ]®det(\/). 



^(o) 

Hence, for any a G eH c e^ ct , the morphism a: Jzf c — > Jzf c ~i ® det(V) is an isomorphism on 
{?rf(<r(a)) 7^ 0}. Then, for b G eH c e& etl we can define 



6a 1 G End Mod G ctr( ^ |{jd(CT(a)) ^ o}) (^c | {ld((T ( a ))^}) opP 



as the composition 



ba- 1 



JSf c _i<g>det(V). 



Thus we obtain ba 1 as an F-invariant section of srf c defined on {^((^(a)) 7^ 0}. Note that 
ba^ 1 = fec(ac) -1 for a non-zero element c G e dct H c e. Note also that the image of ac G eiJ c e 
in r(Hilb; is invertible only on {i d (a(a)) ^ 0} n Od(o"(c)) 7^ 0} n (Hilb \ E). 

Remark 4.12. The morphism ip: (jzf c _i ®det(V)) <S>e det H c e det GdetH c e — > Jz? c is also order- 
preserving, and it induces a commutative diagram 

Gr F (M- 1 »det(V))»GT F (e ia H c e) — [« ±1/2 ] ® det(V) ® C[t X f]^*'^" 1 / 2 ] 

t 

Gr F (j£? c _i <g> det(y) cg> e dct H c e) 



Gr F (J? c ] 



Hence, for any b G edetH c e, the morphism 6: Jz? c _i®det(V) — > =Sf c is never an isomorphism 
on the exceptional divisor E. 
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4.5. Rank 2 case. Let us consider the case n — 2. Let x = x\ + x 2 , x = x\ — x 2 , 
Ho = (yi + V2)/2 and y = (yi - y 2 )/2 G H c . Then [y ,x ] = 1, [y,x] = 1 - 2cs where 
s = Su- Since y, x and s commute with C[xo,yo], we have an isomorphism of algebras 

C[a;o, yo] <8> H' c H c , where H' c is the subalgebra of H c generated by x, y and s. 
We have 

eH c e det H c e = eH c e <t=^ H c e dct H c = H c c ^ 1/2, 

e<ictH c eH c edct = edet-f^cCdet •<=>- H c eH c = H c •<=>- c 7^ —1/2. 

Indeed, the first equivalences follow from the fact that ye det x — xe det y = e[y, x] = (1 — 2c)e 
and when c = 1/2, there is a one-dimensional representation with x, y 1— > 0, s 1— > 1. The 
second follows from the first by the isomorphism i7 c ~ i7_ c given by s 1— > — s. It follows 
that Condition (3.12) is satisfied for all c + n (n G Z >0 ) if and only if c 7^ —1/2, —3/2, 

Note that x, y G C[t x t*]^ dct and Hilb = {i d (x) ^ 0} U 7^ 0}, because fi x \0) n 

{q(A,z) = q(B,z) = 0} C {(A, 5, z, 0) G X ; Az, Bz G Cz} = 0. Quantized symplectic 

coordinates of ^ are given by 

((ej/)(ea;)-\ ft 1/2 e:ro; -hex 2 /2, h l/2 ey ) on {i d (a;) 7^ 0} 

and 

((ex)( e i/)- 1 , ^/2 ea . . hey y 2 , H^eyo) on {i d (j/) 7^ 0}. 
Indeed, we have [— ex 2 /2, (ey)(ex)~ l ] = e, because 

(ey)(ex)~ 1 (ex 2 ) = (ey)(ex)~ 1 (ex)(e dct x) = eyx and 
(ex 2 )(ey)(ex)~ 1 = (ex 2 y)(exy 1 = (eyx 2 — 2ex)(ex)~ l = (eyx)(ex)(ex)~ 1 — 2e = eyx — 2e. 

Note that this provides an isomorphism Hilb^^T*(P 1 x C). The projection Hilb — > 
P 1 is given by [id(x) : id(y)] with the notation of homogeneous coordinates. By the 
isomorphism above, we have E ~ TpiP 1 x T*C 

Note that (xe)" 1 (ye) is invertible only on {i s (x 2 ) 7^ 0} = {id(x) 7^ 0} \ E for c 7^ —1/2, 
because exyx = ex[xy + 1 — 2cs) = ex 2 y + (1 + 2c)ex and (xe)~ 1 (ye) = (x 2 e)~ 1 (xye) = 
(ex 2 )- l (exyx)(ex)- 1 = (ey)(ex)- 1 + (1 + 2c)(e:r 2 )- 1 . 

Set (a, d a ) = ((ey)(ex)-\-ex 2 /2) and (b,d b ) = (((ex)(ey)~\ey 2 /2) and A = c - 1/2. 
Then we have 

(4.15) b = a" 1 and d b = — a(ad a — A). 

Indeed, we have 

-a(ad a -X) = (ey)(ex)- l ((ey)(ex)' 1 (ex 2 )/2 + c-l/2) 

= {l/2){ey){ex)-\eyx + 2c - 1) = {\/2){ey){ex)-\exy) = ey 2 /2. 

Recall that 06 (tx t*)/W is the image of the origin of t x t*. The inverse image 7r _1 (o) 
by the Hilbert-Chow morphism vr is T^F 1 x {0} C T*P X x T*C. We identify it with P 1 . 
Then, (4.15) gives an isomorphism 

Snd F (^ c ) | w -i( ) -^^pi,a ®C[x ,yo] 

with A = c— 1/2. Here, 3pi t \ is the twisted ring of differential operators (e.g. see [17, § 2]). 
If A is an integer, then 3pi t \ ~ A). Hence, we have a ring isomorphism 

eif^e ~ L(P X ; ^ P i, A ) and an equivalence Modf? od (^/ c ) ~ Mod good (^ P i i A <g> C[x ,y ]). It is 
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well-known (cf. e.g. [17, §7]) that Mod good (^ P i i A ) is equivalent to Mod coh (r(P 1 ; A )) 
if and only if A ^ -1, -2, . . . (i.e. c ^ -1/2, -3/2, . . .). 



References 

[1] Beilinson, Alexandre and Bernstein, Joseph, Localisation de g-modules, C. R. Acad. Sci. Paris Sr. I 

Math. 292 (1981), no. 1, 15-18. 
[2] Bcrcst, Yuri, Etingof, Pavel and Ginzburg, Victor, Cherednik algebras and differential operators on 

quasi-invariants, Duke Math. J. 118 (2003), 279-337. 
[3] Bezrukavnikov, Roman and Etingof, Pavel, Parabolic induction and restriction functors for rational 

Cherednik algebras, preprint, 2007. 
[4] Bezrukavnikov, Roman, Finkelberg, Michael and Ginzburg, Victor, Cherednik algebras and Hilbert 

schemes in characteristic p, with an appendix by Pavel Etingof, Represent. Theory 10 (2006), 254- 

298 (electronic). 

[5] Bourbaki, Nicolas, Lie groups and Lie algebras. Chapters 4, 5 and 6,Masson, Paris, 1981. 290 pp. 

[6] Etingof, Pavel and Ginzburg, Victor, Symplectic reflection algebras, Calogero-Moser space, and de- 
formed Harish- Chandra homomorphism, Invent. Math. 147 (2002), no. 2, 243-348. 

[7] Gan, Wee Liang and Ginzburg, Victor, Almost- commuting variety, ^-modules, and Cherednik alge- 
bras, IMRP Int. Math. Res. Pap. 2006, 26439, 1-54. 

[8] Gordon, Iain and Stafford, J. T., Rational Cherednik algebras and Hilbert schemes, Adv. Math. 198 
(2005), no. 1, 222-274. 

[9] , Rational Cherednik algebras and Hilbert schemes. II. Representations and sheaves, Duke 

Math. J. 132 (2006), no. 1, 73-135. 
[10] Guillcmin, Victor and Sternberg, Shlomo, Symplectic techniques in physics, Cambridge University 
Press, 1984. 

[11] Haiman, Mark, Vanishing theorems and character formulas for the Hilbert scheme of points in the 

plane, Invent. Math. 149 (2002), no. 2, 371-407. 
[12] Hilbert schemes, polygraphs and the Macdonald positivity conjecture, J. Amer. Math. Soc. 14 

(2001), no. 4, 941-1006 (electronic). 
[13] Heckmann, Gerrit J., A remark on the Dunkl differential- difference operators, Harmonic analysis on 

reductive groups (Brunswick, ME, 1989), 181-191, Progr. Math., 101, Birkhauser, 1991. 
[14] Hotta, Ryoshi and Kashiwara, Masaki, The invariant holonomic system on a semisimple Lie algebra, 

Invent. Math. 75 (1984), no. 2, 327-358. 
[15] Kaledin, Dmitry, Geometry and topology of symplectic resolutions, preprint math. AG/0608143. 
[16] Kashiwara, Masaki, Quantization of contact manifolds, Publ. Res. Inst. Math. Sci. 32 (1996), no. 1, 

1-7. 

[17] , Representation theory and D-modules on flag varieties, Asterisque 173—174, Orbites Unipo- 

tentes et Representations, Soc. Math. France (1989) 55-109. 

[18] , Equivariant derived categories and representations of real semisimple Lie groups in "Rep- 
resentation Theory and Complex Analysis" , to appear in Lecture Notes in Mathematics, Springer 
Verlag. 

[19] , D-modules and microlocal calculus, Translated from the 2000 Japanese original by Mutsumi 

Saito, Translations of Mathematical Monographs 217, Iwanami Series in Modern Mathematics, 
American Mathematical Society, Providence, RI, 2003. 

[20] Kashiwara, Masaki and Kawai, Takahiro, On holonomic systems of microdifferential equations. III. 
Systems with regular singularities, Publ. Res. Inst. Math. Sci. 17 (1981), no. 3, 813-979. 

[21] Kazhdan, David, Kostant, Bertram and Sternberg, Shlomo, Hamiltonian group actions and dynam- 
ical systems of Calogero type, Comm. Pure Appl. Math. 31 (1978), no. 4, 481-507. 

[22] Kontsevich, Maxim, Deformation quantization of algebraic varieties, Lett. Math. Phys. 56 (2001), 
no. 3, 271-294. 



36 



MASAKI KASHIWARA AND RAPHAEL ROUQUIER 



[23] Nakajima, Hiraku, Lectures on Hilbert schemes of points on surfaces, University Lecture Series, 18, 

American Mathematical Society, Providence, RI, 1999. 
[24] Polesello, Pietro and Schapira, Pierre, Stacks of quantization- deformation modules on complex sym- 

plectic manifolds, Int. Math. Res. Not. 2004, no. 49, 2637-2664. 
[25] Schapira, Pierre, Microdifferential systems in the complex domain, Grundlehrcn dcr Mathcmatischcn 

Wissenschaften, 269, Springer- Verlag, Berlin, 1985. 

M.K.: Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606, 
Japan 

R.R.: Mathematical Institute, University of Oxford, 24-29 St Giles', Oxford, OX1 
3LB, UK 



